Conservation properties of the mass, momentum, and kinetic energy equations for incompressible flow are specified as analytical requirements for a proper set of discrete equations. Existing finite difference schemes in regular and staggered grid systems are checked for violations of the conservation requirements and a few important discrepancies are pointed out. In particular, it is found that none of the existing higher order schemes for a staggered mesh system simultaneously conserve mass, momentum, and kinetic energy. This deficiency is corrected through the derivation of a general family of fully conservative higher order accurate finite difference schemes for staggered grid systems. Finite difference schemes in a collocated grid system are also analyzed, and a violation of kinetic energy conservation is revealed. The predicted conservation properties are demonstrated numerically in simulations of inviscid white noise, performed in a two-dimensional periodic domain. The proposed fourth order schemes in a staggered grid system are generalized for the case of a nonuniform mesh, and the resulting scheme is used to perform large eddy simulations of turbulent channel flow.
INTRODUCTION
The purpose of this research is to construct accurate finite difference schemes for incompressible unsteady turbulent flow simulations such as large eddy simulation (LES) or direct numerical simulation (DNS). Experience has shown that the convective terms must conserve kinetic energy if an incompressible, unsteady flow simulation is to be both stable and free of numerical dissipation. Arakawa [1] showed that when central differences are used, conservation of enstrophy in the absence of viscous dissipation is required for long time integration in the two-dimensional vorticity-streamfunction formulation. The corresponding conserved variable is kinetic energy in the velocity-pressure formulation, and some energy conservative finite difference schemes have been developed for the Navier-Stokes equations in three dimensions. Staggered grid systems are usually required to obtain physically correct pressure fields. The standard second order accurate finite difference scheme [2] in a staggered grid system conserves kinetic energy and this scheme has proven useful for LES and DNS. However, the accuracy of the second order finite difference scheme is low and fine meshes are required [3] . Existing fourth order accurate convective schemes [4, 5] for the staggered grid system do not conserve kinetic energy. As we shall show later, these schemes produce erroneous results at sufficiently high Reynolds number. Higher order staggered grid schemes that conserve kinetic energy have not been presented in the literature.
The conservation of kinetic energy is a consequence of the Navier-Stokes equations for incompressible flow in the inviscid limit. In contrast, kinetic energy conservation in a discrete sense is not a consequence of discrete momentum and discrete mass conservation. It is possible to derive numerical schemes that conserve both mass and momentum but not kinetic energy. It is also possible to derive schemes that conserve kinetic energy even though mass or momentum is not conserved. When kinetic energy is not conserved, two possibilities exist; (1) the errors are strictly dissipative and the simulation is stable or (2) the sign of the error is undetermined and the simulation is generally unstable. Upwind schemes fall into the first category. While these schemes are popular, their associated numerical dissipation adds a non-physical damping mechanism to the Navier-Stokes equations. This damping is acceptable in cases where the solution is expected to be smooth (such as in solutions to the laminar or time-averaged Navier-Stokes equations). Unsteady, three-dimensional turbulent simulations are much less tolerant of numerical dissipation [6] since it selectively removes energy from the dynamically important small-scale eddies. For this reason, nondissipative central-difference schemes or spectral methods [7] are usually preferred for turbulent simulations. Although central difference schemes do not give rise to numerical dissipation in general, they may not conserve kinetic energy. Most often non-conservative central difference schemes are unstable, but this instability may not be apparent unless the Reynolds number is sufficiently high. There are several examples in the literature where non-conservative schemes are presented and tested only for low Reynolds number. We shall show a few examples where these schemes become unstable as the Reynolds number is increased. These schemes can be particularly dangerous at intermediate Reynolds numbers, where the simulation is stable but adversely affected by the conservation errors.
The paper is organized as follows. Conservation properties of the mass, momentum, and kinetic energy equations for incompressible flow are reviewed in Section 2. These conservation properties are regarded as analytical requirements for a proper set of discrete equations. Discrete operators used in this paper are defined in Section 3. Existing finite difference schemes in a regular grid system are checked for violations of the conservation properties in Section 4. In Section 5 we analyze existing staggered grid schemes and propose a new class of conservative schemes. Finite difference schemes for a collocated grid system, which have been used in recent unsteady incompressible flow simulations, are discussed in Section 6. Generalization of the proposed staggered-mesh fourth order accurate scheme to a non-uniform mesh is presented in Section 7. The treatment of non-periodic boundary conditions is also discussed in this section. Finally, numerical tests of the conservation properties and the accuracy of different numerical algorithms are performed in Section 8. Conservation properties of the numerical schemes are demonstrated on the example of two-dimensional, periodic, inviscid white noise simulations. The accuracy of the numerical algorithm for non-uniform mesh is verified through numerical tests involving the growth of instability eigenfunctions in two-dimensional plane channel flow. Large eddy simulations of turbulent channel flow are performed there as well and the results of the new fourth order accurate schemes are compared with those of the second order accurate algorithm.
ANALYTICAL REQUIREMENTS
The continuity and momentum equation describe the motion of incompressible flow. These equations are written symbolically as
where
where v i is the velocity vector, p is the pressure divided by density and τ i j is the viscous stress. Henceforth, p will be referred to as pressure. (Conv.) i is a generic form of the convective term and will be defined below. The conservation properties of Eqs.
(1) and (2) will now be established. Note that Eqs. (1) and (2) are of the form ∂φ ∂t
The term k Q(φ) is conservative if it can be written in divergence form,
To see that the divergence form is conservative, integrate Eq. (6) over the volume and make use of Gauss's theorem for the flux terms k = 1, 2, . . ., all of which are assumed to satisfy Eq. (7):
From Eq. (8), we notice that the time derivative of the sum of φ in a volume V equals the sum of the flux k F(φ) on the surface S of the volume. In particular, the sum of φ never changes in periodic field if k Q(φ) is conservative for all k. Note that mass is conserved a priori since the continuity appears in divergence form. By the same token, the pressure (Pres.) i and viscous terms (Visc.) i are conservative a priori in the momentum equation. The convective term is also conservative a priori if it is cast in divergence form. This is not always the case, however, and we shall investigate it cast in alternative forms. To perform the analysis, we regard (Conv.) i as a generic form of the convective term in the momentum equation. At least four types of convective forms are often used in analytical or numerical studies. These forms are defined as
where (Div.) i , (Adv.) i , (Skew.) i , and (Rot.) i are referred to as divergence, advective, skewsymmetric, and rotational forms, respectively. As mentioned above, the divergence form is conservative a priori. The four forms are connected with each other through the following analytical relations:
We note that, analytically, there are only two independent convective forms, and the two are equivalent if (Cont.) = 0. It is also apparent that the advective, skew-symmetric, and rotational forms are conservative as long as the continuity equation is satisfied. From Eqs. (13) and (14), we can derive the relations
The transport equation of the square of a velocity component, for instance, v 
In the above equation, the convective term can be rewritten in the following forms corresponding to those in the momentum equation,
Note that the skew-symmetric form is conservative a priori in the velocity square equation. Since the rotational form is equivalent to the advective form, the four convective forms are energy conservative if (Cont.) = 0. The terms involving pressure and viscous stress in Eq. (17) can be rewritten in the forms
These terms are not conservative since they involve components of the pressure-strain and viscous dissipation. We can determine the conservation properties of v 
In Eq. (23), the conservation property of the convective term is determined in the same manner as for v 2 1 /2. In addition, the terms involving presssure and viscous stress in Eq. (23) can be rewritten into the forms
The pressure term in Eq. (23) is conservative if (Cont.) = 0. The viscous stress term in Eq. (25) is not conservative because the second term on the right-hand side of Eq. (25) is the kinetic energy dissipation. Table 1 provides a summary of the conservation properties of the convective, pressure, and viscous terms in the transport equations of v i , v 2 1 /2, and K for incompressible flow.
The objective of this work is to derive higher order accurate finite difference schemes that satisfy these properties in a discrete sense. Terms in momentum eq.
Note. ᭪ is conservative a priori, ᭺ is conservative if (Cont.) = 0, and × is not conservative. 
DISCRETE OPERATORS
In this and the next three sections, analysis is limited to a uniform grid system, i.e., the grid spacings in each direction, h 1 , h 2 , h 3 , are constant. A generalization to non-uniform meshes is presented in Section 7.
Conventional numerical algorithms based on a structured computational grid mostly fall into three classes: regular, staggered, and collocated grid systems. In the regular grid system the velocity components u i (i = 1, 2, 3) and pressure p are stored at the same points. The discretization of the continuity and momentum equation are centered at these points. An example of a regular grid system in a two-dimensional plane is shown in Fig. 1 . In the staggered grid system the velocity components U i (i = 1, 2, 3) are distributed around the pressure points. The continuity is centered at pressure points. The momentum equation corresponding to each velocity component is centered at the respective velocity point. An example of a staggered grid system in a two-dimensional plane is shown in Fig. 2 . In the collocated grid system the velocity components u i (i = 1, 2, 3) and pressure p are defined at the same points, as in the regular grid system. The distinction comes through the definition of an auxiliary flux velocity, F i (i = 1, 2, 3), which is obtained via interpolation. The flux velocity is distributed in space as in the staggered grid system. An example of a collocated grid system in a two-dimensional plane is shown in Fig. 3 .
Let the finite difference operator with stencil n acting on φ with respect to x 1 be defined as Also, we define an interpolation operator with stencil n acting on φ in the x 1 direction as
In addition, we define a special interpolation operator with stencil n of the product of φ and ψ in the x 1 direction,
Equations (26) and (27) are second order accurate approximations to the first derivative and function value, respectively,
Combinations of the discrete operators can be used to make higher order accurate approximations to the first derivative and function value. For example, fourth order accurate approximations to the first derivative can be constructed as 4 3
9 8
4 3
Two fourth order accurate interpolations are 4 3φ 1x 1 − 1 3φ
Discrete operators in the x 2 and x 3 directions are defined in the same way as for the x 1 direction.
The following identities will be needed to derive some relations later in the paper:
Note that x j appearing as a superscript does not follow the summation convention. We define two types of conservative forms in the discrete systems. k Q(φ) in Eq. (6) is (locally) conservative if the term can be written as
This definition corresponds to the analytical conservative form of Eq. (7). k Q(φ) is globally conservative if the following relation holds in a periodic field,
where the sums that appear in Eq. (44) are taken over the periods in the respective directions and V ≡ h 1 h 2 h 3 is a constant in a uniform grid system. Note that in the periodic case local conservation also implies global conservation. Also note that the definition (44) is a discrete analogue of Eq. (8).
FINITE DIFFERENCE SCHEMES IN A REGULAR GRID SYSTEM

Continuity and Pressure Terms in a Regular Grid System
We first examine the conservation property of the pressure term. As we have observed, the pressure term is analytically conservative in the transport equations of momentum and kinetic energy.
In the regular grid system, the discrete continuity and pressure term are defined as
where R2 denotes a second order accurate approximation in a regular grid system. Fourth order approximations for the continuity and pressure term in the regular grid system are
In the momentum equation, the pressure terms, Eqs. (46) and (48), are conservative a priori. Next, consider products of u i and the pressure terms which appear in Eq. (23) . The products can be rewritten using Eq. (36) to give
These products are conservative provided that the corresponding discrete continuity equations are satisfied. Notice that we need correspondence between the discrete continuity and pressure term to ensure that the pressure term conserves kinetic energy. That is why the residual term in Eq. (49) requires the continuity to be defined as in Eq. (45). It is also important to note that the combination of Eqs. (46) and (47) does not satisfy this property. Table 2 shows a summary of the conservation properties of the discrete pressure terms in a regular grid system. Before concluding this section, let us consider the Poisson equation for the pressure. The Poisson equation is often solved to satisfy the continuity constraint in computational algorithms of incompressible flow. For example, the projection stage onto a solenoidal field in fractional step methods [8] is
In Eq. (51), t is time increment and α is a constant that depends on the time marching method. The superscript refers to the discrete time level and * denotes the non-solenoidal intermediate velocity field. The Poisson equation for the pressure is constructed by substituting 
Note. ᭪ is conservative a priori, ᭺ 2 is locally conservative if
Eq. (51) into Eq. (52) in a discrete sense. As we have seen, the proper correspondence between (Pres.) i and (Cont.) should be used.
The proper combination for the second order scheme in the regular grid system, Eqs. (45) and (46), gives us the following discrete Poisson equation for the pressure:
The left-hand side of Eq. (53) generates a penta-diagonal matrix for a one-dimensional problem. The solution for pressure using Eq. (53) may not be physical, due to even-odd decoupling. The proper combination for a fourth order scheme in the regular grid system, Eqs. (47) and (48), gives the following discrete Poisson equation for the pressure:
The left-hand side of Eq. (54) generates a non-diagonal (9 band) matrix for a one-dimensional problem. The matrix has even-odd coupling, but the coupling is weak. Therefore, the pressure given by Eq. (54) may not be physical.
Due to the problem of odd-even decoupling, a staggered grid system is preferred over the regular grid system when a Poisson equation is solved for the pressure. Computational algorithms without the Poisson equation (for example, [9, 10] ) can be constructed, however, and it is of interest to consider the conservation properties of such schemes.
Standard Second Order Accurate Convective Schemes in a Regular Grid System
Here we are interested in conservation properties of convective schemes. The usual second order accurate convective schemes in a regular grid system are defined as
These schemes are direct applications of the standard second order accurate finite difference operator of Eq. (26) to the divergence, advective, skew-symmetric, and rotational forms, respectively (R2S stands for standard second order approximations on a regular grid).
(Div.− R2S) i is conservative a priori in the momentum equation. Using Eq. (36), (Adv. − R2S) i and (Rot. − R2S) i can be rewritten as
Therefore, these forms are conservative in the momentum equation if (Cont. − R2S) i = 0.
As a consequence, (Skew. − R2) i is also conservative in the momentum equation if (Cont. − R2) = 0. Let us investigate the conservation properties of the convective schemes in the transport equation of u 2 1 /2. It is sufficient to consider the product of u 1 and the i = 1 component of the convective schemes. Using Eqs. (36) and (37), this product can be rewritten as
Therefore, (Skew. − R2) 1 is conservative in the u 2 1 /2 equation. On the other hand, using Eq. (36), the product of u 1 and (Div. − R2S) 1 can be rewritten as
This term is not conservative since the second term on the right-hand side cannot be put in divergence form. It can be shown that (Adv. − R2S) 1 and (Rot. − R2S) 1 are also not conservative in the u 2 1 /2 equation. In the same way, we can determine the conservation properties of the convective schemes in the transport equation of kinetic energy, (K ≡ u i u i /2). The following relations can be derived: Table 3 summarizes the conservation properties of the standard schemes, Eqs. (55), (56), (57), and (58). Comparing Table 3 and Table 1 , we see that the only properly discretized 
standard scheme is (Skew.− R2) i . Although (Rot.− R2S) i is conservative in the momentum and kinetic energy equations, it is not conservative in the equations for the square of the individual velocity components (u
). This scheme has been used in the past but, as shown by Horiuti [10] , leads to excessively large truncation error.
Fully Conservative Second Order Accurate Convective Schemes in a Regular Grid System
As shown in the previous section, (Skew. − R2) i is the only fully conservative standard convective scheme for a regular grid system. Fully conservative variants for the divergence and advective forms do exist, but they are different from the forms already considered. These forms can be constructed from (Skew. − R2) i by adding or subtracting factors of the velocity multiplied by the discrete continuity equation (see Eq. (16)):
By substituting Eqs. (45) and (57) into Eq. (65) and then using Eqs. (36), (38), (39), and (40), the divergence and advective forms that satisfy Eq. (65) are
(Div. − R2) i is a natural divergence form for a control volume centered at the mesh point.
(Div. − R2) i and (Adv. − R2) i are related to (Skew. − R2) i through Eq. (65), and they are equivalent if (Cont. − R2) = 0. Using this fact, the conservation properties of (Div. − R2) i and (Adv.− R2) i are determined by the properties of (Skew.− R2) i . The results are shown in Table 4 . The conservation properties of the convective schemes in Table 4 agree with those of Table 1 . Therefore, (Div. − R2) i , (Adv. − R2) i , and (Skew. − R2) i are a proper set of convective schemes provided (Cont. − R2) = 0. The skew-symmetric form (Skew. − R2) i is related to the proper divergence and advective forms via 
Note. Symbols are the same as Table 3 .
This relation should be used in place of Eq. (61) since the latter equation relies on a cancellation of errors on the right-hand side in order to arrive at a proper skew-symmetric form. (Adv. − R2) i is related to (Div. − R2) i through the following analogue of Eq. (13):
According to Eq. (15), the rotational and advective forms are equivalent, thus the following discrete relation is assumed:
Starting with Eq. (67) and then using Eqs. (36), (38), (39), and (40), the discrete rotational form that satisfies Eq. (70) is
Although the above relation is written in a rotational like form, it is equivalent to Eq. (67).
Since the two forms are equivalent we shall not discuss the rotational form further.
Fully Conservative Fourth Order Accurate Convective Schemes for a Regular Grid System
In a regular grid system, proper fourth order accurate convective schemes are obtained via a straightforward extension of the proper second order schemes:
(Div. − R4) i was used by Horiuti [11] , and is conservative a priori in the momentum equation. Using Eqs. (36) and (37), u 1 times (Skew. − R4) i can be written as
Therefore, (Skew. − R4) i is conservative a priori in the transport equation of u 
As a consequence, (Div. − R4) i , (Adv. − R4) i , and (Skew. − R4) i are all equivalent if (Cont. − R4) = 0, and the conservation properties of (Adv. − R4) and (Div. − R4) can be determined by using Eq. (76). Table 5 summarizes the results. It is evident that these schemes are a proper set of convective schemes provided (Cont. − R4) = 0. 
Note. ᭪ is conservative a priori and ᭺ is conservative if (Cont. − R4) = 0.
FINITE DIFFERENCE SCHEMES IN A STAGGERED GRID SYSTEM
Continuity and Pressure Terms in a Staggered Grid System
In a staggered grid system, we define the discrete continuity and pressure terms as
where the S2 denotes second order accuracy in a staggered grid system. Note that the finite difference stencils cover only one mesh spacing since the derivatives are needed between the nodal values. Analogous fourth order approximations are
Local kinetic energy cannot be defined unambiguously in a staggered grid system since the individual velocity components are defined at different locations in space. Some sort of interpolation must be used in order to obtain the kinetic energy at the same point. The required interpolations for the pressure terms in the K equations are
The following relations can be used to show global conservation unambiguously:
Therefore, Eqs. (78) and (80) are globally conservative if the corresponding discrete 
continuity equations are satisfied. Table 6 shows a summary of the conservation properties of the discrete pressure term in a staggered grid system.
The proper combination between second order continuity and pressure terms in a staggered grid system, Eqs. (77) and (78) 
Similarly, the proper combination between fourth order continuity and pressure terms, Eqs. (79) and (80), gives 9 8
The left-hand side of Eq. (85) results in a tri-diagonal matrix for one-dimensional problems, whereas the left-hand side of Eq. (86) results in a septa-diagonal matrix. Non-oscillatory solutions for the pressure are expected from Eqs. (85) and (86), since both matrices have strong even-odd coupling.
Proper Second Order Accurate Convective Schemes in a Staggered Grid System
As we have already mentioned, local kinetic energy K ≡ U i U i /2 cannot be defined uniquely in a staggered grid system. Let us assume that a term is (locally) conservative in the transport equation of K if the term is (locally) conservative in the transport equations of U 
Note. ᭪ is conservative a priori and ᭺ is conservative if (Cont. − S2) = 0.
Using Eqs. (40) and (41), (Adv. − S2) i is connected with (Div. − S2) i via
(Div. − S2) i is the standard divergence form in a staggered grid system [2] . (Adv. − S2) i was proposed by Kajishima [5] . (Skew.− S2) i is equivalent to the scheme that was proposed by Piacsek and Williams [12] . Clearly (Div. − S2) i is conservative a priori in the momentum equation. Using Eqs. (41) and (42), the product between U 1 and (Skew. − S2) 1 can be rewritten as
Therefore, (Skew. − S2) 1 is conservative a priori in the transport equation of U 2 1 /2. By using Eq. (90), the conservation properties of the various schemes are determined. The results are summarized in Table 7 . These schemes are seen to be conservative provided that the continuity equation is satisfied.
Existing Fourth Order Accurate Convective Schemes in a Staggered Grid System
Before proposing fully conservative fourth order accurate convective schemes, we first examine some existing fourth order schemes in a staggered grid system. By simple extension of the proper second order accurate convective schemes, we obtain the schemes
(Div. − S4A) i was used by A-Domis [4] , and is conservative a priori in the momentum equation. Using Eqs. (41) and (42), the product between U 1 and (Skew. − S4A) 1 can be written as
Therefore, (Skew. − S4A) 1 is conservative a priori in the transport equation of U 2 1 /2. The difference between (Adv. − S4A) i and (Div. − S4A) i is 
where h is grid spacing. While the error is small it is not zero and therefore (Adv. − S4A) i does not conserve momentum. As a consequence (Skew. − S4A) i does not conserve momentum either. Furthermore, using Eqs. Table 8 shows the conservation properties of (Div. − S4A) i , (Adv. − S4A) i , and (Skew. − S4A) i . It is evident that each of these schemes has one or more conservation defects. In spite of this, it might be expected that some of these schemes could still be used since the errors in the table are O(h 4 ). Indeed, (Div. − S4A) i was used in [4] to obtain good results for LES of isotropic decaying turbulence at low Reynolds number. However, we observed numerical instabilities in LES of channel flow at high Reynolds number with the same scheme. The instability may be avoided by using (Skew. − S4A) i (since it conserves kinetic energy) but momentum would not be conserved in this case.
Another possible set of fourth order accurate convective schemes in a staggered grid system is 
(Adv. − S4K ) i was proposed by Kajishima [5] as the extension of his second order scheme (Eq. (88)). Unfortunately, the conservation properties of Eqs. (98), (99), and (100) are similar to those of Eqs. (92), (93), and (94), and thus each of them has at least one conservation error.
A Proposal for Fully Conservative, Higher Order Accurate Convective Schemes in a Staggered Grid System
In this section we show how to construct fully conservative convective schemes for a staggered grid system having arbitrary order of accuracy. We start with the following set of fourth order accurate schemes:
We see that (Div.− S4) i is conservative a priori in the momentum equation. Using Eqs. (41) and (42), the product between U 1 and (Skew. − S4) 1 can be rewritten as
Thus, (Skew. − S4) i is conservative a priori in the transport equation of U 
This equation is a proper discrete analog of Eq. (13), and (Adv. − S4) i , (Div. − S4) i and (Skew. − S4) i are equivalent if (Cont. − S4) = 0. Table 9 shows the conservation properties of the proposed schemes. Comparing Table 9 with Table 1 , we see that the present schemes are fully conservative provided that the discrete continuity relation is satisfied.
TABLE 9 Conservation Properties of Proper Fourth Order Accurate Convective Schemes in a Staggered Grid System
Transport equations FD schemes for momentum eq.
Note. ᭪ is conservative a priori and ᭺ is conservative if (Cont. − S4) = 0.
Higher order fully conservative finite difference schemes can be constructed in the same way as for the fourth order schemes. The pattern for a nth order accurate scheme can be seen most clearly in the divergence form. The basic procedure is to make multiple evaluations of the convective term on stencils spanning 1, 3, . . . , n − 1 mesh spacings and then combine the results with the appropriate nth order accurate interpolation operator. In making the evaluation on stencil of size m, the convection velocity must be interpolated with the nth order accurate interpolation operator, whereas the flux velocity must be interpolated with a 2nd order operator having a m-point stencil. Thus in general we can write
where the α k are the interpolation weights (see Eqs. (32) and (35)). A similar general formula exists for the advective form
The continuity and pressure terms involve straightforward applications of the higher order interpolation operators:
As an example, the proper set of sixth order schemes in a staggered grid system is
(Pres. − S6) i ≡ 150 128 
FINITE DIFFERENCE SCHEMES IN A COLLOCATED GRID SYSTEM
The main advantage of a staggered grid system is that it results in a non-oscillatory pressure field. On the other hand, a regular grid system is convenient in a curvilinear grid system. A collocated grid system supposedly has the merits of both regular and staggered grid systems, and has mainly been used for steady flow simulations. In the subsections below, the conservation properties of these schemes are considered. Such an analysis is useful since some unsteady flows have recently been simulated using the collocated grid system (for example, [13] ).
Second Order Accurate Schemes in a Collocated Grid System
We first consider second order accurate finite difference schemes in a collocated grid system. The discrete continuity equation is centered at the definition point of p, and makes use of the interpolated flux velocity, F i , rather than the velocity itself:
This is similar to the procedure used in the staggered grid system. The pressure term in the momentum equation is discretized using (Pres. − R2) i of Eq. (46). This is similar to the regular grid system. Therefore, the projection stage onto a solenoidal field in the fractional step method is
This projection stage corresponds to Eqs. (51) and (52). In this stage, the velocity components F i are computed via the following special interpolation formula [14]
(Pres. − S2) i is the pressure term of Eq. (78) that is used in the staggered grid system. The Poisson equation for the pressure for the collocated grid system is constructed by substituting Eq. (118) into Eq. (117) in a discrete sense.
The left-hand side of Eq. (119) is the same discrete form of Eq. (85) in the staggered grid system, and as a result, non-oscillatory pressure solutions are expected from this equation.
The following convective schemes are equivalent if (Cont. − C2) = 0:
(Div. − C2) i is conservative a priori in the momentum equation. The product between u 1 and (Skew. − C2) 1 can be written as Next, we investigate the pressure term in a collocated grid system. The pressure term is discretized using (Pres. − R2) i , which was shown in Eq. (49) to be conservative in the transport equation of kinetic energy if (Cont.− R2) = 0. However, the collocated continuity equation is (Cont.−C2) = 0 and thus (Pres.− R2) i is not locally kinetic energy conserving in a collocated grid system. In addition, it can be shown that (Pres. − R2) i is not globally conservative either in a collocated grid system. It can be shown that the difference between (Cont. − R2) and (Cont. − C2) scales like
Therefore, the pressure term has a conservation error of O( t · h 2 ) in the transport equation of kinetic energy. As will be shown in the following section, the conservation error appears to be dissipative and thus the collocated grid scheme may be stable although still affected by conservation error. Table 10 shows the conservation properties for the second order accurate finite difference schemes in a collocated grid system. 
Fourth Order Accurate Schemes in a Collocated Grid System
Next, we outline fourth order accurate finite difference schemes in a collocated grid system. The continuity is discretized in the same way as Eq. (79) of the staggered grid system, but using the interpolated flux velocities:
Fourth order accurate equations corresponding to Eqs. (116), (117), and (118) are
The Poisson equation for the pressure resulting from Eqs. (128) and (129) is 9 8
The convective schemes that are equivalent if (Cont. − C4) = 0 are 
(Div. − C4) i is conservative a priori in the momentum equation. The product between u 1 and (Skew. − C4) 1 can be rewritten as
Therefore, (Skew. − C4) i is conservative a priori in the transport equation of u 
Therefore, (Pres.− R4) i leads to a conservation error of O( t ·h 4 ) in the transport equation of kinetic energy. Table 11 shows conservation properties of the fourth order accurate finite difference schemes in a collocated grid system. Finally, we note that the transport equation of a passive scalar, θ , is usually centered at the pressure node in a staggered grid system. In a collocated grid system, a similar grid arrangement exists for u i and F i . Thus by analogy, we can use the results of this section to infer the conservation properties for the passive scalar equation in a staggered grid system. In particular, Eqs. (120), (121), and (122) (with u i replaced by θ and F j replaced by U j ) are conservative second order accurate convective schemes for a passive scalar in a staggered grid system. Likewise, Eqs. (131), (132), and (133) can be used to generate conservative fourth order accurate convective schemes [4] .
NON-UNIFORM GRID ARRANGEMENT AND BOUNDARY CONDITIONS
The preceding analysis has been conducted under the assumption of a uniform grid. In this section we generalize the analysis to non-uniform grid systems and discuss the treatment of non-periodic boundary conditions. We shall restrict our attention to the fourth order accurate schemes in a staggered grid system. Generalizations of the other schemes can be accomplished in an analogous manner. For simplicity, we also restrict our attention to meshes that are non-uniform in only one direction.
Non-uniform Grid Treatment for Fourth Order Accurate Finite Difference Schemes in a Staggered Grid System
Let y be the non-uniform direction with point distribution y j . A straightforward extension of Eqs. (26) and (27) for differentiation and interpolation on the non-uniform mesh is
Unfortunately the above formulas do not satisfy Eqs. (36) to (42), and therefore a simple replacement of the uniform mesh operators with these forms will not result in conservative schemes on a non-uniform mesh. More importantly, no operators appear to exist that result in fourth order accuracy while remaining fully conservative on a non-uniform mesh. One must therefore make a choice between strict conservation and strict fourth order accuracy. If accuracy is to be sacrificed, full conservation can be achieved on a non-uniform mesh through the use of the operators
These operators satisfy Eqs. (36) to (42) and therefore lead to fully conservative schemes. We shall denote the use of Eqs. (139) and (140) in the second and fourth order divergence forms as (Div. − S2 − F) and (Div. − S4 − F), respectively, where the −F stands for fully conservative. Unfortunately the loss of accuracy in this formulation is substantial with (Div.− S4− F) dropping to second order on a non-uniform mesh. Note that (Div.− S2− F) is actually identical to (Div. − S2) and thus retains second order accuracy, even on a nonuniform mesh. If high order accuracy is desired, it is possible to optimize the scheme so that it remains fourth order on a non-uniform mesh at the expense of a slight conservation error. As we shall see, the conservation error itself can be limited to fourth order in the mesh spacing and thus such a scheme may still be useful even for high Reynolds number calculations.
In order to illustrate the procedure, we start with the advective form, (Adv. − S4), as this form will require the least amount of modification [5] . A discrete form of V δU δy in (Adv.− S4) on a non-uniform grid is
where the four weights are
, (142a)
, (142b)
, (142c)
V j+n/2 and V j−n/2 in Eq. (141) are obtained via fourth order interpolation in y at the locations y j+n/2 = (y j+n + y j )/2 and y j−n/2 = (y j + y j−n )/2, respectively. They are also shifted half a cell in the x direction using fourth order interpolation (35). The interpolations are such that the scheme collapses to Eq. (102) on a uniform grid, and thus will have the desired conservation properties in this limit. On a non-uniform mesh, the scheme is fourth order accurate when grid stretching is smooth (formal accuracy is O(h 4 + h 3 dh dy )), but has a fourth order error in kinetic energy conservation. We shall refer to this scheme as (Adv. − S4 − S) i , where the S denotes that the scheme is fourth order even on a stretched mesh.
Boundary Conditions
As far as non-periodic boundary conditions are concerned, we restrict our attention to a solid wall. We work in the context of ghost points that extend beyond the boundaries so that a consistent stencil can be used on the interior as well as near the boundaries.
The boundary conditions can be designed to ensure global momentum conservation in the non-periodic and perhaps non-uniform direction if the following discrete relation holds
where δφ/δy is an arbitrary finite difference operator, and (h y ) j = (y j+1/2 − y j−1/2 ). j = 1/2 and j = N + 1/2 denote the lower and upper walls, respectively. We shall enforce this condition for the fully conservative scheme, (Div. − S4 − F). The viscous term requires the second derivative of streamwise velocity component, U , in the wall normal direction. This quantity is discretized as follows near the wall
, where U L (y) is the Lagrangian interpolation of U defined as
Mass conservation gives boundary conditions for the wall normal velocity components, V −1/2 and V N +3/2 [5] :
Momentum conservation for the convection term in the streamwise velocity equation gives the following boundary conditions:
Boundary conditions for the streamwise velocity component, U 0 , U −1 , U N +1 , and U N +2 are obtained from the solution of the two equations
For a uniform grid, the solution to these equations is
For a non-uniform grid, the solution will be of the same form but with the coefficients being dependent on ratios of the mesh spacings in the vicinity of the wall. We must also specify V −3/2 and V N +5/2 for use in the wall normal momentum equation. These values are obtained from the mass conservation constraint applied at j = 0 and j = N + 1
Here we assume that (h y ) 0 = (h y ) 1 and (h y ) N +1 = (h y ) N . The wall boundary condition for the pressure term, ∂ p/∂ y, is constructed to satisfy the following conservation constraint
This condition leads to
Simpler boundary conditions can be used if strict conservation is not required. In this work we use the analytical solution for Stokes flow [15] as the wall boundary condition for the fourth order advective form, (Adv. − S4 − S). The Stokes flow boundary condition is implemented by simply requiring that U (−y) = −U(y) and V (−y) = V (y) near the wall at y = 0.
NUMERICAL TESTS
Periodic Inviscid Flow
To confirm the results of the previous sections with numerical tests, inviscid flow simulations are performed on a two-dimensional periodic domain. The analytical conservation requirements dictate that the total momentum, u i , and total kinetic energy, K ≡ Figure 4 shows the error of the total kinetic energy, K − K 0 , after an integration time of 10L/(2π √ K 0 ), for the proper second order finite difference scheme in a staggered grid system. Kinetic energy is not conserved exactly since the third order Runge-Kutta time stepping method introduces a slight dissipative error. As expected, the time stepping error decreases with the cube of t, and we observe no violation of kinetic energy conservation due to the spatial scheme. The same behavior is observed in the solutions of the other proper schemes in regular and staggered grid systems. Note. Consistency between the discrete continuity and pressure term with regard to the accuracy of the convection schemes and to the grid system are used. t = 0.001.
As predicted by Eqs. (125) and (136), both the second and fourth order finite difference schemes in a collocated grid system conserve kinetic energy only to order t. This scaling is verified in Fig. 4 . Note that the error from the collocation scheme is dissipative in these tests and the calculation is therefore stable. It is also important to note that the conservation errors for the second and fourth order accurate finite difference schemes in a collocated grid system with t = 0.001 are larger than those of the proper schemes in regular and staggered grid systems with t = 0.1. Therefore, we do not recommend the use of the collocated grid system for high Reynolds number unsteady flow simulations.
The computational results for several other schemes in regular and staggered grid systems are shown in Table 12 . A time increment of t = 0.001 is selected for the computations. The proper divergence forms in the regular and staggered grid systems conserve kinetic energy to within the time marching error. The corresponding proper advective and skewsymmetric forms are also seen to be conservative. The results from the standard divergence and advective forms in the regular grid system, (Div. − R2S) and (Adv. − R2S), diverge. (Skew. − R2) is equivalent to (Div. − R2), and is also conservative. Although the rotational form, (Rot. − R2S), appears to give good results, the scheme does not conserve u . Existing fourth order schemes in the staggered grid system, (Div.− S4A), (Adv.− S4A), and (Adv. − S4K ), produce errors that increase gradually with time. This indicates that the schemes are at least weakly unstable. The A-Domis type skew-symmetric form, (Skew. − S4A), conserves kinetic energy, but momentum conservation is not ensured.
The results in Table 12 were generated with the appropriate combinations of the discretized continuity and pressure terms. The importance of the correct combination is illustrated in Table 13 , where inconsistent continuity and pressure forms are used. It is apparent that kinetic energy is conserved only when the proper combination is used.
Evolution of Small Disturbances in Two-Dimensional Plane Channel Flow
In order to validate the order of accuracy of the schemes described in Section 7, we simulate the growth of low amplitude eigenmodes in laminar channel flow using a non- Note. t = 0.001.
uniform mesh in the wall-normal direction. We compare the computed eigenmode growth rate with the exact result obtained by solving the Orr-Sommerfeld eigenvalue problem. This procedure has been used by Malik et al. [17] , among others, to measure the accuracy of different numerical methods. The exact solution of the Orr-Sommerfeld problem can be written as
where φ(y) is the disturbance eigenfunction, y is the wall normal direction (−1 ≤ y ≤ +1), α is the wavenumber in the streamwise direction, ω = ω r + iω i is the temporal frequency, and ε is the perturbation amplitude. In this case we choose Re = 8000 and α = 1. The only unstable mode has ω r = 2.47075 × 10 −1 and ω i = 2.66441 × 10 −3 , and its eigenfunction, φ(y), is computed by the algorithm of Orszag [18] . With the eigenfunction determined, an initial velocity field is generated by taking ε = 1 × 10 −5 and setting t = 0 in Eqs. (154) and (155). Before advancing the simulations in time, the accuracy of the convective schemes are checked by simply differentiating the initial condition and comparing with the exact derivatives computed from the eigenfunction in its Chebyshev-Fourier representation. In order to establish order of accuracy, six different grid resolutions (M × N ), 8 × 16, 16 × 32, 32 × 64, 64 × 128, 128 × 256, and 256 × 512 are used. We consider both uniform and stretched grids in order to verify that the order of accuracy is unaltered by mesh stretching. For the stretched grid, we use a hyperbolic-tangent function to distribute the wall normal velocity points,
The stretching parameter, γ , is taken to be 2.75. The grid is uniform in the streamwise direction ( x = 2π/M). The error associated with (Div. − S2 − F) is computed according to
The second term in the sum in Eq. (157) is computed analytically using Eqs. (154) and (155) at t = 0. The error associated with (Div. − S4 − F) and (Adv. − S4 − S) are computed in a similar manner. Figure 5 shows the rate of convergence for the convective schemes (Div.−S2−F), (Div.− S4 − F), and (Adv. − S4 − S). The convergence rates are seen to follow the expected trends for the uniform grid. The small differences between (Div. − S4 − F) and (Adv. − S4 − S) for the uniform mesh case are due to differences in the wall boundary treatment. When the grid is stretched we see that (Adv. − S4 − S) remains fourth order accurate, whereas (Div. − S4 − F) reduces to second order. We also see that (Div. − S2 − F) remains second order, even on the stretched mesh.
Next, the initial solution is advanced in time for 3.9 eigenfunction periods (2π/ω r ) and the growth rate at the end of run is compared with the exact value. A semi-implicit time marching algorithm is used where the diffusion term in the wall normal direction is treated implicitly with the Crank-Nicolson scheme, and a third order Runge-Kutta scheme [16] is used for all other terms. The fractional step method [19] is used in order to enforce the divergence free condition. The resulting Poisson equation for the pressure is solved exactly using a Fourier Transform in the streamwise direction and either a tri-or septa-diagonal matrix algorithm in the wall normal direction for the second and fourth order schemes, respectively. The same set of 5 meshes discussed previously is used in order to determine convergence rates. The time increments for the five meshs are 0.04, 0.02, 0.01, 0.005, and 0.0025. The maximum CFL numbers are about 0.05 for all runs. Figure 6 shows the error in the growth rate given by (Div.− S2− F), (Div.− S4− F), and (Adv. − S4 − S). Again we see that (Adv. − S4 − S) produces true fourth order convergence whereas (Div. − S4 − F) is limited to second order.
Large Eddy Simulation of Plane Channel Flow
Further numerical tests of the schemes described in Section 7 are performed using plane channel flow. We consider fully developed incompressible flow and make use of periodic boundary conditions in the streamwise and spanwise directions. The time marching algorithm is the same as described in the previous subsection. The dynamic subgrid scale (SGS) model [20] with the least square technique [21] and averaging in homogeneous directions is used. For the purpose of the dynamic model, test filtering is performed in the spanwise and streamwise directions. Simulations are conducted at two Reynolds numbers: Re = 180 and 650, based on the channel half width and friction velocity. Figures 7 and 8 show the profiles of mean streamwise velocity and velocity fluctuations respectively for the schemes (Div.−S2−F), (Div.−S4−F), and (Adv.−S4−S) at Re = 180. Filtered DNS data [22] at the same Reynolds number are plotted as a reference in the figures. The logarithmic law for the mean velocity profile (U + = 2.5 · log(y + ) + 5.5) is also plotted in Fig. 7 . In the figures, y + = u τ y/ν is the wall unit and U + = U/u τ is mean streamwise velocity in the wall variables, u , v , and w are the resolved velocity fluctuations in the streamwise, wall normal, and spanwise directions, respectively, and u v is the resolved Reynolds stress. The computational box is 4π × 2 × 4π/3 and 32 × 32 × 32 mesh points are used. The wall normal grid is stretched according to Eq. (156) with γ = 2.40. In this case, the grid spacings in wall units are x + = 70.69 and z + = 23.56.
The mean velocity is seen to be overpredicted in the logarithmic region when the second order scheme is used. This discrepancy is reduced when the higher order schemes are used,
FIG. 7.
Mean streamwise velocity at Re = 180 (LES, box 4π × 2 × 4π/3, 32 × 32 × 32 grid). with the true fourth order scheme, (Adv. − S4 − S), giving the best results. The streamwise velocity fluctuation is overpredicted by the second order scheme whereas the spanwise and wall-normal fluctuations are underpredicted. Again these discrepancies are reduced when the higher order schemes are used with (Adv. − S4 − S) giving slightly superior results.
In order to measure the effect of the numerical error unambiguously, the Re = 180 simulations are repeated without the use of a subgrid-scale model. In this case the results are compared with a spectral simulation (Fourier-Chebyshev-Fourier) performed with the same number of mesh points, again without a subgrid-scale model. The spectral method can be regarded as the limiting case for a higher order accurate scheme. The spectral algorithm is the Kleiser-Schumann method [23] with Werne's modification [24] , and is based on the velocity and pressure formulation. Figures 9 and 10 show the profiles of mean streamwise velocity and velocity fluctuations respectively for (Div. − S2 − F), (Div. − S4 − F), and (Adv. − S4 − S).
The trends shown in Figs. 9 and 10 are nearly identical to those shown in Figs. 7 and 8, and thus we can conclude that the discrepancies caused by the second order method are due to the numerical error and not a shortcoming of the subgrid-scale model. We also see that the finite difference results are closer to the spectral reference case when the higher order schemes are used. 
CONCLUSIONS
Conservation of mass, momentum, and kinetic energy for incompressible flow was specified as analytical requirements for a proper set of discrete equations. Several pre-existing schemes in regular, staggered, and collocated grid systems were analyzed with regard to their conservation properties. Most of these schemes were found to violate one or more of the conservation properties. Both second and fourth order accurate fully conservative schemes were then derived where lacking for the regular and staggered mesh systems. A general procedure for constructing fully conservative schemes of arbitrary order in a staggered mesh system was also derived. Treatment for non-uniform meshes and non-periodic boundary conditions was given in detail for the new fourth order staggered mesh scheme. It was found that strict conservation and strict fourth order accuracy could not be obtained simultaneously on a non-uniform mesh. Accordingly, two alternative schemes were derived. The first is fully conservative but only formally second order accurate on a stretched mesh. The second is formally fourth order accurate on a stretched mesh but has a fourth order violation in kinetic energy conservation. The two schemes become identical on a uniform mesh where they are simultaneously conservative and fourth order accurate. Numerical tests on a non-uniform mesh indicated a slight superiority of the fourth order, slightly non-conservative scheme. The higher order schemes were compared with a second order scheme for turbulent channel flow simulations and both variants were found to result in a significant improvement in the computed statistics.
